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Abstract

The topic of material fatigue is a subject extensively investigated within both scientific and industrial worlds. Fatigue-induced
damage remains a critical concern for a variety of components, encompassing both metallic and non-metallic materials, often
leading to unexpected failures during their operational lifecycle. In cases necessitating the assessment of multiaxial fatigue, critical
plane methodologies have emerged as a valuable approach. These methodologies offer the means to pinpoint the component’s
critical regions and anticipate early-stage crack propagation. Nevertheless, the conventional technique (i.e., plane scanning method)
for computing critical plane factors is a time-intensive process, reliant on nested iterations, predominantly suited for research
purposes. In numerous cases, where the critical area within a component is unknown in advance (i.e., primarily due to complex
geometries and loading conditions) the method proves impractical. Furthermore, the plane scanning method does not provide a
deep comprehension of the critical plane concept; indeed, it is just a numerical artifice for calculating stress and strain quantities on
different planes. Recently, the authors introduced an efficient algorithm for evaluating critical plane factors. This algorithm is based
on a closed form solution and is applicable to all instances where the maximization of a specific parameter, based on stress or strain
components, is required. The methodology relies on tensor invariants and coordinates transformation principles thus enhancing the
investigation of various critical plane methods. The paper addresses two formulations of the Fatemi-Socie critical plane factor and
discusses how the number of critical planes depend on the loading conditions the component is subjected to. By the use of a closed
form solution a deep insight of critical planes orientation can be achieved.
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1. Introduction

The topic of material fatigue is of significant importance within both the scientific and industrial communities, as
evidenced by numerous studies Cowles (1989); Kaldellis and Zafirakis (2012); Koyama et al. (2017); Xu et al. (2021).
A substantial number of in service failures can be attributed to fatigue mechanisms Bhaumik et al. (2008). The in-
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herent complexities of real-world applications, such as variable amplitude loading, randomness, and multiaxial stress
states, pose challenges in addressing fatigue-related issues Kuncham et al. (2022); Sgamma et al. (2023); Chiocca
et al. (2020). Finite Element Analysis (FEA) has emerged as a standard practice for accommodating the complexities
associated with component geometries and to accurately modeling the loading histories Frendo et al. (2020); Fontana
et al. (2023); Chiocca et al. (2019, 2021, 2022a,b); Meneghetti et al. (2022). Nonetheless, simulations, particularly in
the post-processing phase, can be computationally intensive. Various methods for damage assessment can be applied,
including energy-based Lazzarin and Berto (2005); Berto and Lazzarin (2009); Mroziński (2019); Varvani-Farahani
et al. (2007) and stress/strain-based approaches Taylor et al. (2002); Radaj et al. (2006); Findley (1959a); Socie (1987).
A specific category of methodologies is founded upon the concept of the critical plane (CP) Gates and Fatemi (2017);
Findley (1959b); Hemmesi et al. (2017). This local approach requires the evaluation of a designated damage factor
across all conceivable orientations at each location within the model, thereby determining the point and orientation of
a plane that yields the highest damage parameter value. This identified plane is named the critical plane, signifying the
material orientation where crack initiation and initial propagation occur. However, implementing the CP method can
be time-consuming, particularly for three-dimensional models featuring complex loading histories and geometries.
This is primarily due to the necessity of scanning numerous planes within the three-dimensional space, a process that
can be performed by means of nested for/end loops. Moreover, it may be infeasible to predefine the critical region in
certain instances, especially when dealing with models characterized by highly complex geometry, load histories, and
constraints. In this context, the use of optimization algorithms holds promise as a means to conduct comprehensive
analyses of components.
In the current investigation, two efficient algorithms are used to evaluate different formulations of the Fatemi-Socie
critical plane factor. By comparing the CP results with the standard plane scanning technique it is shown how the effi-
cient algorithms could predict the number of critical planes in advance solely based on the analysis of the eigenvalues
of the strain range tensor and without relying on the process of plane scanning.

2. Background on Fatemi-Socie critical plane factor

Fatemi and Socie (1988) introduced a multiaxial fatigue criterion based upon the shear strain range. The damage
parameter representing the basis of the criterion is given in the following relationship (Equation 1):

∆γ
2

(
1 + kσn,max

S y

)
(1)

where, ∆γ identifies the shear strain range acting upon a specified plane, σn,max denotes the maximum normal stress
(over the load cycle or time interval) experienced by the plane under consideration, and S y stands for the material’s
yield strength. The material parameter k is derived by comparing fatigue experimental data for uniaxial loading with
data for pure torsion. It is important to emphasize that the fatigue parameter defined in Equation 1 is always positive.
In fact, the absolute value of the shear strain range and only positive normal stresses are considered (i.e. negative
stresses being set to zero). The original approach proposed by Fatemi and Socie (1988) identified the critical plane as
the one characterized by the maximum shear strain range, ∆γmax, as shown by the fatigue parameter FS in Equation 2.
An efficient algorithm for such criteria have been addressed in prior works authored by the researchers (Chiocca et al.
(2023a,c)). In addition to the FS parameter, another formulation of the Fatemi-Socie critical plane factor is adopted
by considering the maximization of the whole fatigue parameter FS ′ expressed in Equation 2. It is worth noting that
the critical plane, as defined in this manner, often exhibits a different orientation when compared to the critical plane
defined solely based on the maximum shear strain range. The variation in CP orientation is attributed to its dependence
to the normal stress. The maximization of FS ′ presents a distinct case, where a closed-form solution remains feasible,
albeit under more stringent assumptions, as presented in Chiocca et al. (2023b).

FS = ∆γmax
2

(
1 + kσn,max

S y

)
, FS ′ = max

[
∆γ
2

(
1 + kσn,max

S y

)]
(2)
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3. Standard plane scanning method for critical plane factors evaluation

∆θ

x
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Fig. 1. Scanning plane technique applied to a generic finite element model of a loaded component.

The CP factor is determined through the analysis of stress and strain tensors. It is feasible to compute stress and
strain parameters acting along distinct plane orientations, each represented by different reference coordinate systems.
This computation, as exemplified in Fig. 1, can be performed through the application of matrix operations, specifically
denoted as RTσR, where the matrix R defines a rotation transformation and σ represents the stress tensor in the global
reference frame. To accurately specify a plane’s orientation, two angular coordinates, denoted as θ and ψ, can be used.
Consequently, there exists ∞2 plane orientations necessitating the critical plane assessment. A systematic approach
involves iteratively varying the plane or its unit vector by fixed angular increments, typically denoted as ∆θ and ∆ψ, to
approximate stress and strain values across all directions. Following this iterative procedure, the plane that maximizes
a designated reference CP parameter can be identified as the critical plane. However, it is worth noting that the
aforementioned approach entails the usage of nested for/end loops, which are highly inefficient from a computational
perspective. This inefficiency becomes more pronounced when attempting to apply this procedure across numerous
points within a component, such as nodes within a finite element models.
In the current investigation, we adopted a rotation sequence within a moving reference frame. This sequence involved
a first rotation denoted as ψ about the z-axis, followed by a second rotation represented as θ about the y-axis. The
plane scanning method was implemented by utilizing angular increments of ∆θ and ∆ψ, each set at 3◦. The rotation
sequence can be represented throughout the rotation matrix denoted as R in Equation 3. By employing the rotation
matrix R stress and strain tensors can be obtained in the rotated reference frame (i.e. σ′ and ε′).

R = Rz(ψ)Ry(θ) =


cos(θ) cos(ψ) − sin(ψ) cos(ψ) sin(θ)
sin(ψ) cos(θ) cos(ψ) sin(θ) sin(ψ)
− sin(θ) 0 cos(θ)

 −→ σ
′ = RTσR, ε′ = RTεR (3)

4. Closed form solution for the critical plane factors

In order to present the efficient method, the definition of the strain range tensor (i.e. ∆ε) has to be introduced first.
The strain range tensor is defined as the difference between the strain tensors at the i-th and (i + 1)-th load steps (i.e.
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εi and εi+1) with respect to the same reference frame, as detailed in Equation 4.
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(4)

Based on the definition of ∆ε it is now convenient to work on the Mohr’s circle representation, as presented in Fig. 2.
Starting from the strain range tensor written in a generic reference frame (point 1 of Fig. 2) it is possible to obtain the
principal quantities and principal directions by performing an eigenvalues-eigenvectors analysis (∆ε1, ∆ε2, ∆ε3, n1,
n2 and n3 of Fig. 2). Two different pathways open up at this point. A first case where it is required to maximize one
parameter of the CP factor (e.g. FS of Equation 2) and another case where the entire CP factor needs to be maximized
(e.g. FS ′ of Equation 2). In the first case the ∆γmax (i.e. maximum value of FS ) can be obtained, starting from the
orientation representing the principal directions, by rotating of ω = π

2 around the eigenvector relative to the middle
eigenvalue (i.e. n2). Once the ∆γmax is computed, the value of FS is retrieved by finding the σn,max directly in the
∆γmax reference system (i.e., obtained from a rotation of ω = π2 around n2).
In the second case, on the other hand, under certain simplifying assumptions of linear-elasticity and proportional
loading, it occurs that the principal directions of the strain tensor range are coincident to those of the stress and strain
tensors at load steps i and i+1. Under these assumptions the CP factor can be defined as a function of the ω angle only
and therefore allowing an analytical formulation of its maximum value. The analytical formulation of FS ′ and of the
angle ω̄ (i.e. identifying FS ′) is more complex and it requires the solution of a maximization problem. The analytical
formulation of FS ′ employed in the following is the one presented in Chiocca et al. (2023b), under the assumptions
of linear elasticity and proportional loading.

∆ε1

∆ε2

∆ε3

n1

n2

ω

n3

∆εzz

∆εyy
∆εxx

∆γ

2 xy

∆γxz
2

∆γyz
2

∆γyz
2

∆γzy
2

∆γzx
2

x y

z1 2 3
∆γ

2 (ω)

∆γ

2 (ω)

∆ε2

n2

1

2

3

∆ε

∆γ

2
∆γ

2 (ω)

2ω

∆ε1∆ε2∆ε3

∆ε

Fig. 2. Representation by means of the Mohr circles and the Cauchy elementary cube of the strain range tensor and the successive rotations
required to find the plane in which ∆γ is maximized.

5. Test case

The case study taken as a reference is an hourglass specimen under pure tensile and fully reversed torsion loading
conditions. The specimen, whose geometry is based on the ASTM E466 standard, has a minimum diameter of 12 mm.
In order to apply the critical plane methods mentioned above, 2D static structural finite element simulations were
developed. The material chosen was structural steel S355, characterized by linear elastic behavior with the material
properties E = 210 GPa and ν = 0.3. To calculate the critical plane factor denoted as FS and FS ′, the following
material parameters were employed: a yield strength of S y = 355 MPa and a material constant of k = 0.4.
In the most general case of component loading and geometry, two critical planes can always be found for both formu-
lations of the Fatemi-Socie CP factor (i.e. FS and FS ′). The reason relates to the use of the absolute value of ∆γ. If
observed within the Mohr circle representation of Fig. 2, retrieving the absolute value of ∆γ results in two permissible
rotations, one of +ω and one of −ω. This case occurs when all the eigenvalues of the ∆ε tensor are different from each
other. However, other special cases, where more than two critical planes exists, can be encountered.
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Fig. 3. Loading history (a), specimen (b), Mohr’s circle representation of different tensors (c) and comparison between the plane scanning method

and the efficient methods (d) for a tensile loaded component.
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A first instance is shown in Fig. 3, where an axisymmetric specimen loaded in tension is presented (Fig. 3a–b).
This loading case history generates a uniaxial stress-strain state, where two eigenvalues of the ∆ε tensor are equal to
zero. For this case there exist infinite critical planes for both FS and FS ′ formulations. In fact, the CP factors can be
found by rotating of ± π2 for FS or ±ω̄ for FS ′ about any direction that is a linear combination of the eigenvectors
related to the null eigenvalues. Fig. 3c highlights the main parameters related to both Fatemi-Socie formulations,
using the colors orange and blue, respectively for FS and FS ′. Similarly, Fig. 3d presents the comparison between the
efficient methods and the standard scanning plane technique for both CP formulations. The white line represents the
infinite critical planes found by using the efficient method while the coloured surfaces show the iterative process of the
standard plane scanning method. It can be observed that both the surfaces (i.e. plane scanning method) and the critical
planes (maxima identified by the closed form solution) are slightly different for the two versions of the considered
fatigue parameter. In particular the circle, representing the critical plane orientations for FS ′, has a slightly smaller
radius if compared to FS , identifying smaller values of parameters θ and ψ.
Another load case scenario is given in Fig. 4 for a fully reversed torsion loading history (Fig. 4a) applied on a hourglass
specimen (Fig. 4b). In this case, the strain range tensor and the stress tensors present two opposite eigenvalues as
shown in Fig. 4c through the Mohr’s circles. In this scenario just two critical planes are found under the FS model,
while four critical planes exist under the FS ′ model, as shown in Fig. 4d. In fact, for each orientation there are two
conjugate (orthogonal) plane which experiences the same positive normal stress, one at i-th load step and the other at
i + 1-th load step. All four planes can be obtained by rotating of ω = ±ω̄ and ω = ±( π2 − ω̄).
It is worth noting that FS ′ always reaches higher values respect FS as consequence of maximizing the entire factor
reported in Equation 1.

6. Conclusions

This work presents a comparison between the standard plane scanning method and two efficient methods for com-
puting the Fatemi-Socie critical plane factor. The efficient methods, developed by the authors as closed form solution
of a maximization problem, enabled a more comprehensive analysis of the concept of critical plane factor. Indeed,
they allowed the identification of the number of critical planes in advance just by comparing the eigenvalues of the
strain range tensor. Therefore, it is not required to carry out the spatial plane scanning in order to know both the
critical plane factor and the critical plane orientation. Instead it is sufficient to perform an eigenvalues/eigenvectors
analysis of strain range and stress tensors. The analysis provides a more in-depth understanding of the critical plane
factor concept by using tensor math and coordinates transformation laws with respect to the blind search-for method
requiring nested for/end loops.
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